Abstract. In this article, we obtain two sharp equality conditions in the restriction formula on complex singularity exponents: an equality between the codimension of the zero variety of related multiplier ideal sheaves and the relative codimension of the restriction of the variety on the submanifold (in the restriction formula); an equivalence between the transversality (between the variety and the submanifold) and the regularity of the restriction of the variety. As applications, we present sharp equality conditions in the fundamental subadditivity property on complex singularity exponents.
background, main results and applications
Complex singularity exponent (or log canonical threshold (lct) in algebraic geometry) is an important concept related to the multiplier ideal sheaves in complex geometry and complex algebraic geometry. Several important and fundamental related results have been established, e.g. the restriction formula and the subadditivity property on complex singularity exponents (see [11] [7] ).
Recently, by giving lower bounds of the dimensions of the zero varieties of related multiplier ideal sheaves, sharp equality conditions in the restriction formula and the subadditivity property have been established [21] . In the present article, continuing the above work, we obtain two sharp equality conditions: an equality between the codimension of the zero variety and the codimension of the restriction of the variety on the submanifold (in the restriction formula); an equivalence between the transversality (between the zero variety and the submanifold) and the regularity of the restriction of the zero variety. As applications, we present sharp equality conditions in the fundamental subadditivity property.
Organization: We organize the present article as follows: in Section 1, we recall some related results of multiplier ideal sheaves and complex singularity exponents, and present the main results of the present article (Theorem 1.3, Theorem 1.4) and applications (Proposition 1.7 and Proposition 1.8); in Section 2, we recall some know results and present some preparatory results; in Section 3, we prove the main results and applications.
1.1. Multiplier ideal sheaves and complex singularity exponents. Let Ω be a domain in C n and o ∈ Ω. Let u be a plurisubharmonic function on Ω. Nadel [27] introduced the multiplier ideal sheaf I(u) which can be defined as the sheaf of germs of holomorphic functions f such that |f | 2 e −2u is locally integrable (background see e.g. [34, 6, 35, 36, 25, 26, 37, 7] ). Here u is regarded as the weight of I(u). As in [7] , we denote the zero variety {z|I(u) z = O z , z ∈ Ω} of I(u) by V (I(u)).
Date: October 27, 2015. The author was partially supported by NSFC-11431013 and NSFC-11522101.
1
It is well-known that the multiplier ideal sheaf I(u) is coherent and integral closed, satisfies Nadel's vanishing theorem [27] , and the strong openness property I(u) = ∪ ε>0 I((1 + ε)u) [17, 18, 19] i.e. the solution of Demailly's strong openness conjecture (the background and motivation of the conjecture could be referred to [6, 7] , the proof of dim ≤ 2 case could be referred to [22, 23] ).
The complex singularity exponent (see [38] , see also [6, 7] , lct in algebraic geometry see [32, 24] ) is defined c o (u) := sup{c ≥ 0 : exp (−2cu) is integrable near o}.
Berndtsson's solution ( [3] ) of the openness conjecture posed by Demailly-Kollar, i.e. e −2co(u)u is not integrable near o, implies that {z|c z (u) ≤ c} = V (I(cu)) is an analytic set.
Let I ⊆ O o be a coherent ideal. The jumping number c I o (u) is defined (see e.g. [22, 23] 
is integrable near o}. Let F ⊆ O be a coherent ideal sheaf. In [21] , it has been presented that the strong openness property
is an analytic subset.
1.2.
Main results: Sharp equality conditions in the restriction formula on complex singularity exponents. Let u be a plurisubharmonic function near
, where (z 1 , · · · , z n ) and (z k+1 , · · · , z n ) are coordinates of C n and C n−k respectively. Let H = {z k+1 = · · · = z n = 0}. In [11] , the following restriction formula (an "important monotonicity result" as in [11] ) on complex singularity exponents has been presented by using Ohsawa-Takegoshi L 2 extension theorem.
In [21] , the following equality condition in Proposition 1.1 has been established
For the case k = 1 and n = 2, Theorem 1.2 can be referred to [4] and [12] . For the case k = 1 and n > 2, Theorem 1.2 can be referred to [20] (a recent new proof by combining methods in [20] and [10] can be referred to [31] ).
In the present article, combining recent results in [21] with some new ideas, we obtain the following sharp equality condition in Proposition 1.1 by giving the equality between n − dim o A and k − dim o (A ∩ H).
It is known that for the case k = 1 and any n, one can obtain the regularity of (A, o) (see [20] and [21] ). Then it is natural to consider the regularity of (A, o) for general k. When n = 2, and u = log |z 2 − z In the present article, we obtain the following sharp equality condition in Proposition 1.1 by giving the equivalence between the transversality (between (A, o) and (H, o)) and the regularity of (A ∩ H, o).
1.3. Applications: Sharp equality conditions in the fundamental subadditivity property of complex singularity exponents. Let u and v be plurisubharmonic functions near o ∈ C n . In [11, 21] , the fundamental subadditivity property of complex singularity exponents has been presented.
) and A 2 = V (I(cv)). In [21] , the following sharp equality condition in Theorem 1.5 has been established.
As an application of Theorem 1.3, we present the following more precise version of Theorem 1.6
Then it is natural to consider the transversality between A 1 and A 2 .
As an application of Theorem 1.4, we present the following sharp equality condition in Theorem 1.5 by giving the regularity of A 1 and A 2 and the transversality between A 1 and A 2 .
Some preparations
In this section, we recall some known results and present some preparatory results for the proofs of the main results and applications in the present article.
We recall the famous OhsawaTakegoshi L 2 extension theorem as follows:
there exists a holomorphic function F on D satisfying F | H∩D = f , and
where C D only depends on the diameter of D and m, and dλ H is the Lebesgue measure on H.
The optimal estimates of generalized versions of Theorem 2.1 could be referred to [14, 15, 16] .
Following the symbols in Theorem 2.1, there is a local version of Theorem 2.1 Remark 2.2. (see [30] , see also [11] 
In [21] , by combining with Theorem 2.1, Berndtsson's solution of the openness conjecture [3] and Berndtsson's log-plurisubharmonicity of relative Bergman kernels [2] , it has been presented
We present a corollary of Remark 2.3 as follows 
By Corollary 2.4 (o ∼ z 3 ), it follows that for almost every a = (a 1 , · · · , a k−l ) ∈ (B k−l \ A 4 ) with respect to the Lebesgue measure on C k−l , there exists z a ∈ A 3 ∩L a such that equality c za (u| La ) = 1. As the Lebesgues measure of A 4 on C k−l is zero, then we obtain Remark 2.5.
Hilbert's Nullstellensatz (complex situation).
It is well-known that the complex situation of Hilbert's Nullstellensatz is as follows (see (4.22) 
2.4.
A consequence of Demailly's strong openness conjecture. In [20] , inspired by the proof of Demailly's equisingular approximation theorem (see Theorem 15.3 in [7] ) and using the strong openness property I(u) = ∪ ε>0 I((1 + ε)u) [17, 18, 19] , the following observation has been presented:
( [20] , see also [21] ) Let D be a bounded domain in C n , and o ∈ D. Let u be a plurisubharmonic function on D. Let J ⊆ I(u) o . Then there exists p > 0 large enough, such that the plurisubharmonic functionũ = max{u, p log |J|} on a small enough neighborhood V o of o satisfying that e −2u − e −2ũ is integrable.
We recall some direct consequences of Proposition 2.7 as follows
Remark 2.8. ([20], see also [21])ũ (as in Proposition 2.7) satisfies:
Let I ⊆ O o be a coherent ideal, and let u be a plurisubharmonic function near o. Using Proposition 2.7, we present the following result about the integrability of the ideals related to weight of jumping number one.
is locally integrable near o for any ε > 0.
After the present article has been written, Demailly kindly shared his manuscript [9] with the author addresses, which includes Proposition 2.9 (Lemma (4.2) in [9] ). (I(u) ), o). By Theorem 2.6 (I ∼ I(u) o ), it follows that there exists large enough positive integer N such that J N 0 ⊆ I(u) o . By Proposition 2.7, it follows that exist p 0 > 0 large enough such that e −2u − e −2 max{u,p0 log |J0|} is locally integrable near o.
Proof. (proof of Proposition 2.9) Let
It suffices to prove that |I| 2 |J 0 | 2ε e −2 max{u,p0 log |J0|} is locally integrable near o for small enough ε > 0. We prove the above statement by contradiction: If not, then there exists ε 0 > 0, such that |I| 2 |J 0 | 2ε0 e −2 max{u,p0 log |J0|} is not locally integrable near o. Note that ε 0 log |J 0 | ≤ 
Let u and v be plurisubharmonic functions near o. In [11, 21] , the following statement has been presented, which was used to prove Theorem 1.5.
Proofs of main results and applications
In this section, we present the proofs of main results and applications.
Using Proposition 1.1 and inequality 3.2, one can obtain that
By the parametrization of (A 3 , o) in H (see "Local parametrization theorem" (4.19) in [8] ), it follows that one can find local coordinates (
) is the regular point in A 3 and the noncritical point of p| A3,reg , where p :
By (2), (3), c o (ũ) = c o (ũ| H ) = 1 (inequality 3.3), c z (ũ) ≤ 1 for any z ∈ A 3 (inequality 3.1), and Remark 2.5, it follows that for almost every a = (a 1 , · · · , a k−l ) ∈ B k−l with respect to the Lebesgue measure on C k−l , there exists z a ∈ A 3 ∩ L a such that equality c za (ũ| La ) = 1 (the set of a denoted by A ae ).
LetL a = {z 1 = a 1 , · · · , z k−l = a k−l }. By inequality 3.1 and Proposition 1.1, it follows that for any a ∈ A ae , 1 = c za (ũ| La ) ≤ c za (ũ|L a ) ≤ c za (ũ) = 1, which implies c za (ũ| La ) = c za (ũ|L
, one can obtain that for any a ∈ A ae , max za∈p −1 (a) dim za {z|c z (ũ|L
Then we obtain that the 2(n − k)-dimensional Hausdorff measure of dim((A ∩ U ) ∩L a ) is not zero for any a ∈ A ae .
Note that the 2(k − l)-dimensional Hausdorff measure of A ae is not zero, then it follows that the 2(n−k)+2(k−l) = 2(n−l)-dimensional Hausdorff measure of A near o is not zero (see Theorem 3.2.22 in [13] ), which implies that In order to prove Theorem 1.4, by Theorem 1.3, it suffices to prove the following statement ((1) ⇒ (2)).
Assume that (A ∩ H, o) is regular, and k
(3.5) In the following part of the present section, we considerũ instead of u. By equality 3.5, it follows that (V (I(ũ| H )), o)(= (A∩H, o) ) is regular. Combining with equality 3.4 and Corollary 2.10 (u ∼ũ| H on (H, o)), it follows that there exist l ∈ {1, · · · , k} and holomorphic functions
are all locally integrable near o for j ∈ {1, · · · , l}. By Remark 2.2 and (c), it follows that there exist holomorphic functions F 1 , · · · , F l near o ∈ C n such that and |F j | 2 e −2ũ are integrable near o for any j ∈ {1, · · · , l}, which implies that {F 1 = · · · = F l = 0} ⊇ A. Combining F j = f j and (a), we obtain that
Note that 
